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The aim of this paper is to show that on strictly convex closed surface in 
the three-dimensional space there cannot he more than (2.2 + o(l))W4 points 
with integral coordinates, where P is the surface area. 
Almost 50 years ago, Jarnik [ 11 proved the following. 
THEOREM 1. Let us denote by N(8) the maximal possible number of 
points with integral coordinates which can lie on a strictly convex closed 
curve of length 8. Then 
N(t) = 3(2~)-‘/” rT3 + O(rP3) as /-+ 00. 
Now let us denote by N(P) the maximal possible number of points with 
integral coordinates which can lie on a strictly convex closed n-dimensional 
surface1 (n > 3) with surface area P. 
Andrews [3] proved under the restriction in Remark 1 that N(P) < 
CX,P”I(~+~) holds for P > 1 (there are arbitrarily small surfaces with one 
lattice point) with positive constants 01, depending on n only. 
Remark 1. It is plain that for n 3 4 one has to add the restriction 
that not all the lattice points lie in a (n - 2)-dimensional hyperplane since 
otherwise one could easily construct (n - l)-dimensional convex bodies 
with arbitrarily small volume and arbitrarily many lattice points on the 
boundary and thus also n-dimensional convex surfaces with arbitrarily 
small surface area and arbitrarily many lattice points. 
* Deceased July 26, 1976. 
1 Throughout this paper, we shall use the term strictly convex closed n-dimensional 
surface to mean the boundary of a nondegenerate strictly convex n-dimensional body. 
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Remark 2. The restriction to the points with integral coordinates is of 
course not essential. Any result for this particular lattice remains true for 
any lattice, only the constant CX, will change. 
Remark 3. Already before Andrews there was some evidence that in 
general (with the restriction given in Remark 1) N(P) < ~y,Pl(~+l) holds 
for P > 1. Let S be a strictly convex closed n-dimensional surface con- 
taining the origin and having volume V. For x > 0, let us denote by S, the 
x1i2-times magnified surface S and by I(,!&) the number of lattice points 
contained inside of S, . It was proved by Hlawka [4] and KrupiEka [2], 
that under certain restrictions imposed on S (smoothness, curvature), 
Z(S,) = Vx”12 + O(X”+(~/(~+~))) holds as x---f co. From this result it 
obviously follows that on the boundary of S, cannot be more than aIt x 
Pn’(n+l’ lattice points, where P, denotes the surface area of S, , but the 
ccmstant a,(S) depends on the homothety class of S, (on S) and also many 
homothety classes are excluded due to the restrictions imposed on S. 
Numerical evidence suggests that N(P) > (1.4 + o(l)) P3/4 for II -= 3 
might be true. For comparison, Andrews found that N(P) < (5 I o( 1)) 
P314 could be deduced from [3]. The aim of this paper is to prove: 
THEOREM 2. Let n = 3. Under the assumptions and with the notations 
introduced above, 
asp-+ co. 
N(P) < (2.2 + o(1)) Pala (1) 
Proof of Theorem 2. will be a modification of Jarnik’s method. Let us 
have a strictly convex closed three-dimensional surface S with surface area 
P on which lie N lattice points. Without loss of generality, let us suppose 
N 2 3. In the following, we shall consider the convex hull S’ of the N 
lattice points. Let us distinguish two cases, depending on the dimension 
of s’. 
Case 1. S’ is a two-dimensional convex N-gon. Then P > 2P’, where 
P’ is the area of S’ and we need a lower bound for P’ in terms of N which 
we shall also use in the second case. 
LEMMA 1. Ifs’ lies in the plane z = 0, then 
P’ 3 +N2 - $N. (2) 
ProoJ: Let us denote by w (resp. W) a vertex with smallest (resp. 
greatest) y-coordinate. If there are two such vertices, then w (resp. w> will 
have greater (resp. smaller) x-coordinate. The vertices which lie to the 
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right from the segment w W will be numbered counterclockwise as a0 , 
vl,..., vN, , say, where v, = w and UN1 = IV. Those vertices which lie to 
the left from the segment WW will be numbered clockwise as v,*, vr*,..., 
v$, , say, where vO* = w and v;f;, = W. Clearly, we have N1 + N2 = N. 
Let us write vi = (xi, yi) for i = 0, l,..., N1 and vi* = (xi*, yi*) for 
j=O,l ,.‘., N, . Further, let us put ai = xi - xi-l and bi = yi - yiel for 
i = I, 2,..., N1, and Us* = x7-r - xi* and bj* = yj* - yj+-, for j = 1, 
2 ,-**, N, . The area of our N-gon can be expressed as the sum of the areas 
of the triangles 
* * * 
vOvlv2 2 vOv2v3 ,*.*, ~O~N~-1~N~,~o*v~*v~*,vo 02 vg ,..., 
We have thus 
p& 
i=2 i 
xi-1 - x0 Yi-1 - yo 
xi - x0 Yi - y, 
xi-1 - x0 Y&l - Yo 
xj - xi-1 yj - yj-, 
N% 
i++,c,l 
x0* - xi*-, y,*_1 - yo* 
x0* - xi* yj* - y,* i 
i+:?i d x0* - xi*-1 y*c1 - .vo* * * * is2 xi-l- xi Yi * - Yi-1 
= B 3 (y ajbi - z aibj) + 4 z$z (g aj*bi* - g ai*bf*) 
i=2 j=l 
= Q 1 (ajbi - aibJ + + C (Uj*bi* - ai*bj*). 
l$i<l<N, l&i@, 
Because of the convexity of the N-gon, all the summands which occur in 
the last expression are positive, and hence at least equal to one. It follows 
that 
P’ 2 & [(:) + (?)I b W2 - tN, 
since Nr + N, = N. This completes the proof of Lemma 1. 
As an immediate consequence we obtain: 
LEMMA 1’. Under the assumptions above is 
p’ > i(N - 2)ln3flnz. (3) 
The only value of Nfor which the estimate (3) is stronger than (2) is N = 5, 
but then P’ > 1518 by (2) and thus P’ 3 2, which is already stronger than (3) 
forlv= 5. 
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Remark 4. In the following, we shall use the estimate 
P’ > C(N - 2)a, 
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(4) 
where C > 0 and cx > 3, which will be more comfortable. 
LEMMA 2. If S’ lies in a plane ax + by + cz = d, where a, b, c, and d 
are integers with g.c.d. (a, b, c) = 1, then 
P’ 3 Cmlla(N - 2)a, (5) 
where m = a2 + b2 + c2 and C and 01 are the constants in (4). 
Proof. Equation of any plane which contains three independent lattice 
points can always be written in the form assumed in the lemma. The 
ambiguous sign of the coefficients does not have any influence on the value 
of m. We may suppose without loss of generality that d = 0. It will suffice 
to show that the area of a fundamental triangle in the plane ax + by + 
CL? = 0 is at least im1j2. Let (0, 0, 0), (x1 , y1 , zl) and (x2 , y, , z.J be the 
vertices of a fundamental triangle. Then the equation of the plane can also 
be written in the form 
and the area of the triangle is easily found to be 
since g.c.d. (a, b, c) = 1. This proves the lemma. 
Since we have P > 2P’ in Case 1, we get from (5) 
N < (2c)-+ PllU + 2, 
no matter in which plane lie the lattice points. Since l/a < $, this proves 
Theorem 2 in this case. 
Case 2. s’ is a three-dimensional convex polyhedron with N vertices. 
Each face is a convex polygon and can be triangulated in such a way that 
no new vertices arise. In this way, if a face had A4 vertices, after the trian- 
gulation we obtain M - 2 triangles instead. We get thus a new polyhedron, 
all of whose faces are triangles. It is, in general, degenerate but it does not 
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matter. If we denote by F the number of its faces and by E the number of 
its edges, then we have N + F = E + 2 and 2E = 3F, which implies 
F=2N-4. (6) 
Of course, we have P > P’, where P’ is the surface area of S’, and a lower 
estimate for P’ in terms of N will be our concern. As we have already 
mentioned, the equation of any plane in which lies a face of s’ can be 
written in the form ax + by + cz = d, where a, b, c and d are integral 
numbers and g.c.d. (a, b, c) = 1. Let us denote by U(m) the number of 
primitive representations of the integer m as the sum of three squares of 
integral numbers. Thus, in particular, U(0) = U(4) = 0, U(1) = 6 and so 
on. For each value of m there are &U(m) planes ax + by + cz = 0 with 
relatively prime integers a, b and c satisfying a2 + b2 + c2 = m. No two 
of these planes are parallel. The polyhedron S’ may have some pairs of 
parallel faces but three faces can never lie in parallel planes. It follows 
that for each value of m there are at most U(m) faces of S’ which lie in 
planes whose equations can be written in the form ax + by + cz = d, 
where a, b, c and dare integers, g.c.d. (a, b, c) = 1 and a2 + b2 + c2 = m. 
Let us denote by mi the ith integer m for which U(m) > 0. Thus, for 
example, m, = 1, m2 = 2, m3 = 3, m4 = 5, and so on. Further, let us 
denote by Nii the number of triangles which constitute the jth face of S 
whose equation corresponds to a representation of mi (1 < j < U(m,)). 
Thus, we put Nij = 0 ifj is greater than the number of faces corresponding 
to decompositions of mi . If Nii > 0, the face will be a convex (Nij + 2)- 
gon whose area P& satisfies by (5) the inequality 
Pij 3 C(m,)l/z N; . 
If Nij = 0, then we have an empty face with area equal to zero and the 
estimate (7) remains trivially true. We thus obtained the inequality 
where we put for short Vi = U(mJ. Also, we have 
by (6). We want to minimize the right-hand side of (8) for nonnegative 
integral values of Nij satisfying (9). For this purpose, we prove: 
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LEMMA 3. Let O<CX,<CX~<*-* be a nondecreasing sequence of 
positive real numbers. For 01 > 1, let 
f(x 1, x2 ,...) = f CLiXiG (10) 
i=l 
be a function defined for those sequences of nonnegative numbers x1 , x2 ,... 
for which the series in (10) converges. If 
then 
Proof. If we had xi+1 > Xi for some i >, 1, then we would have 
LX~XT+~  ai+l~ia < aixdG + ai+lg+l, since CX( < 01~+i . It follows that we 
may suppose without loss of generality xi >, xi+1 for each i 3 I. By (I I), 
there exists a suffix k such that 
Xl 3 x2 >, -" > xk >, 1, xk+l = xk+2 = '.' = 0. 
This implies that 
f(x, , x2 )...) = i aixio’ 2 5 ai . 
i=l i=l 
(13) 
On the other hand, under the condition (11) the function Cr=, aixi* attains 
its minimum at 
xj = Mol~ll(~-l) ( il a;L:iO-l)r (,j = 1, 2,..., k), 
and this minimum is equal to 
k 
c -( i 
a, M &/b-l) z i-l 
This together with (13) proves the lemma. 
In particular, if the sequence of natural numbers {ki}+ is defined by the 
PropeW 
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then we obtain as a consequence 
min f(xl , x2 ,...) > i$max i kp, ; Ma ( ‘2 kp;ll(a-1) lea *< int. . id i=l 1) 
This inequality applied to the expression in (8) under the condition (9) 
yields the following estimate. 
P’ >, C f$max 
1 





Let us put now F(y) = Crnsy U(m) for each real y > 0. Thus in particular, 
F(y) = 0 for 0 < y < 1. If we denote by A(y) the number of lattice points 
which are different from the origin and lie in the sphere xla + x22 + 
xa2 < y, then clearly 
A(Y) = e;(y) + 4Y12”) + JTY/37 + ***> 
since F(y) is nothing but the number of primitive lattice points in that 
sphere. On the other hand, 
where p is the Mobius function. All the operations are permissible since, 
in fact, we are dealing with finite series only. Using further the estimate 
A(x) = &rx3/a + O(x) for x -+ co, we get subsequently 
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Using this, we find by partial summation 
i u(mi)(mp2 = 2 U(m)m1/2 = mzl (F(m) - F(m - 1)) mliz 
id rn=I 
= - 5 F(m)((m + l)li2 - m1f2) + F(m&m, + 1Y2 
,WL=l 
w 
=- 1 --L (4zm3/2 + O(m)\ 
m=l 2m112 3 ((3) 
4-O ?I i-&g 
t > 
mr2 + O(mfJ3, 
TlS=l 
from which follows the estimate 
k Wdtmi)1~2 = W&3)) m,2 + O(m,3/2) asr-+ax (15) 
Similarly, using the known estimates U(m) = O(m1/2+c) and qfl = O(m,), 
we get 
rt1 
i$ U(m,) rn;lj2(a-l) 
= m$l U(m)m-1J2(a-1) + U(mr+l)m;~~2~"-1) 
= z (F(m) - F(m - 1)) m-l/%~-ll + O(m~~~-U/2(~-l))+c) 
m-1 
= mzl F(m)(m-112(a-1) - (m + l)-1/2(a-1)) + F(mp)(m, + l)-112(a-1) 
-j- O(m~/2--ll/Z(~-l))+~) 
2.z 
mzlF(m)l 2(ci !- 1) 
m~-1/2bx-l)bl + o(ml-l/2h-l+2 
4 
+ F(m$ m;112(a-1) 
+ O(F(m,)mS-1/2’*-1))-1) + O(m~/2-(1/2(U-l))+F) 
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= mzl I& II 
1 f&2 + O(m) 2(01 _ 1) f+w+w-1 
+ O(m’-w.-m-24 + 3& m~/2-fl/2(a-1)) + (9(m;-'1/2'oL-lq 
= i&y 2(Cx !- 1) m;I 






--+$/2-c1/2cor-1,, + O(my/2(a-1)9, 
from which follows the estimate 
7+1 
@/2-(1/2(a-l)) + O(m:-(1/2(a-l))) (16) 
asr-+co. 
Let us suppose now that 
m, > 22/3(~/[(3))-W ( iz 1 d )-2c'd1)'3m ~2/3. 
Then by (15) 
i U(q) (m,)lP 2 2”/“(~/[(3))-~/~ ( l: 1 i )-4”-1r’3a N4i3 + WCL (17) 
i=l 
where the constant implied by the symbol 0 depends only on CX. On the 
other hand, if we have 
m, < 22/3(~/<(3))-2/3 ( i: 1 i )-2(op1)'30N2/3, 
then by (16) 
Tfl 
z U(m,) m;1/2(+1) 
< 21-(l/3'"-1"(~/5(3))1/3'a-1) 
( 
;; 1 ; )4'3aN1-(l/3bl)) 
+ O(N2/3-(l/Sk+l)l) 
9 
where the constant implied by the symbol 0 depends again only on 01. 
This implies further that 
(f u(mi)q~/21.--~l)l-~ > 24/3-"(7T/<(3))-l/3 ( :z 1 f )-4'm-1)'30 N4/3-a 
i=l 
+ O(Nl-") 
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and hence finally, 
r+1 
(2N - 4p c CJ(mJ qlP(a-1) 
i=l 
l-’ 2 2W(T/~(3))-W ( ;z 1 ; )-4’0-1”3n 
x N413 + O(N). (18) 
The estimates (17) and (18) together with (14) imply that 
p 2 p’ > C2”/3(~/&3))-‘/3 ( 4a: - 4 )-4(-‘3= N413 + o(N), 
3ix - 4 
from which we easily deduce that 
N < $C-3/4(*/5(3))“/4 ( ;; 1; )(- PSI4 + O(P1’2). (1% 
We shall use now Lemma 1’. We put simply C = 3 and cx = In 3/ln 2 in 
(19) and obtain 
N < 2.2P3j4 + O(P1i2), 
asp-co. 
Remark 5. The method of this paper allows further improvements. 
For example, without much effort it is possible to replace the constant 2.2 
in (1) by 1.9 using stronger versions of Lemmas 1 and I’. Also, a generaliza- 
tion to higher dimensions is possible. 
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